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Abstract 
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and its Applications 47 (1992) 165-171. 
In this paper we investigate for nowhere locally compact realcompact spaces X the question 
when X* =/3X -X has properties related to being extremally disconnected. We prove that the 
set of 2-points of X has compact closure in X iff X* is extremally disconnected iff X* is in Oz; 
if X is in addition in Oz (in particular if X is perfectly normal), then these conditions are 
equivalent to X* being an F-space, in particular to X* being an F-space. We also prove that 
each regularly closed G,-set of X* is clopen in X*. This can be used to find for each n > 1 a 
compact space K with dim K = n which has no regularly closed G,-sets except 0 and K (such 
K were first constructed by FedorEuk). 
Keywords: Nowhere locally compact space, /3X, regularly closed. 
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Conventions 
All spaces considered are completely regular and Hausdorff. As usual, X” denotes 
/IX -X, Q denotes the space of rationals, and w denotes both wO and K, and carries 
the discrete topology. If X is a space and A G X, then cl A and Cl A denote the 
closure of A in X and PX, respectively. If X is a space, K is compact, and f: X + K 
is continuous, then pf: PX + K denotes the Stone extension off: 
1. Introduction 
In this paper we investigate for nowhere locally compact realcompact spaces X 
the question of when X* = PX -X has properties related to being extremally 
disconnected. 
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Recall that a space X is nowhere locally compact if it satisfies one of the following 
equivalent conditions: 
(1) no point of X has a compact neighborhood, 
(2) X* is dense in /3X, 
(3) bX --X is dense in 6X whenever bX is a compactification of X. 
Here (1) is how we recognize our spaces, (2) is what is important about them and 
(3) tells us that X” is nowhere locally compact if X is. 
When studying properties of remainders it is necessary to confine attention to 
sufficiently nice spaces, not just because one wants a handle on the remainder, but 
for the essential reason that every space is the remainder of some ugly space, see 
[6,9.K6]; the class of realcompact spaces is excellent for this purpose.’ 
Recall that a space is said to be an F-space (an F’-space) if every cozero-set is 
C*-embedded (if disjoint cozero-sets have disjoint closures), that (clearly) each 
F-space is an F’-space, but not conversely, and that a normal F’-space is an F-space, 
see [5]. 
We need some definitions. The space X is said to be extremally disconnected at 
p E X if for every two disjoint open subsets U and V of X we have p E L? n V, and 
is said to be nowhere extremally disconnected if it is not extremally disconnected at 
any point. Also, the space X is said to be in Oz if every open subspace Y is 
z-embedded (i.e., for each zero-set 2 of Y there is a zero-set Z’of X with Z = Y n Z’). 
Recall from [ 1,4.1] that every perfectly normal space is in Oz. 
Observe that if X is in Oz, then every regularly closed subset of X is a zero-set 
of X. This can be seen as follows. Let U c X be open, and put V = U u (X - 0). 
Then V is open, and U is a clopen subspace of V. Consequently, there is a zero-set 
Z of X such that U = Z n V. It is clear that Z = 0, which is as required. 
We say that X is in Oz’ if every regularly closed set in X is a G&-subset of X. 
Theorem 1.1. Let X be a space, and put 
A = {x E X: X is not extremally disconnected at x}. 
If X is realcompact and nowhere locally compact, then the following are equivalent: 
(a) A has compact closure in X; 
(b) X* is extremally disconnected; 
(c) X” is in Oz; 
(d) X * is in Oz’. 
IA in addition, X is in Oz (in particular, ifX is perfectly normal), then the following 
are equivalent to (a) as well: 
(e) X” is an F-space; 
(f) X” is an F’-space. 
’ We find it amusing that nowhere locally compact spaces can be thought of as spaces whose remainder 
is close by, while realcompact spaces can be thought of as spaces such that no point of the remainder 
is too close by. 
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Corollary 1.2. Q* is not an F’-space, and is not in Oz. 
That Q” is not in Oz answers a question of Blair [l, p. 6861. The fact that Q” is 
not an F’-space is known [6, l4.H2]; our proof is an elaboration of the proof of 
this fact. 
While realcompactness can be weakened slightly in Theorem 1.1, some additional 
condition is needed, as our next example explains. 
Example 1.3. There is a nowhere locally compact space X that is nowhere extremally 
disconnected (i.e., X = A in the notation of Theorem l.l), yet X* is extremally 
disconnected. 
Example 1.4. There is a nowhere locally compact space X such that X” is not an 
F’-space but X” is in Oz. 
Au11 asked (oral communication) whether P” does not have the following property: 
every regularly closed zero-set is open. Here P denotes the space of irrational 
numbers. Much to our surprise, the opposite is true. 
Theorem 1.5. If X is nowhere locally compact and realcompact, then every regular 
closed G, of X” is open in X”. 
This can be used to find for each n Z= 1 an easy compact space K with dim K = n 
which has no regularly closed Ga-sets except Id and K (such K were first constructed 
by FedorEuk [4]). 
This result motivates the study of regularly closed and of regularly open sets in X*. 
2. Extending partial functions 
The purpose of this section is to call attention to the following simple fact, which 
will be used in the proof of Theorem 1 .l. The application we give is known already. 
Theorem 2.1. Let F be closed in X. Then X - F is C*-embedded in PX -Cl F. 
Proof. Let f be a bounded continuous real function on X - F. For each x E pX -Cl F 
we will find an open neighborhood LJ, of x in pX missing F and a continuous 
function g, on U, such that g, and f agree on X n U,. Then g, and gY agree on 
U, n U,, for all x and y in /3X -Cl F, hence g = UrrpX_(, F g, is a real function on 
pX -Cl F. Clearly g is continuous and extends f: 
Let x E /3X -Cl F be arbitrary. Let U, be an open neighborhood of PX such that 
Cl U, n Cl F = 0. Let h be a continuous real function of PX such that 
Cl LJ, E h’{ l} and Cl FE h’(O), 
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and define a real function fX on X by 
f(v)*h(yL ify@F, L(Y)-((), 
if yE F. 
Then fx is continuous, and is bounded since h is, and fX and f agree on X n U,. 
Hence we can define g,Y to be (p’) 1 U,. 0 
Corollary 2.2. Every bounded real function f on X can be extended to a bounded real 
function f on pX in such a way that 
{x E PX: 1 is discontinuous at x} E Cl{x E X: f is discontinuous at x}. 
3. Extremal disconnectedness 
In this section we present 
related to it. 
a proof of Theorem 1.1 and construct the examples 
Proof of Theorem 1.1. We first take care of the easy implications. 
(a) =3 (b). X -cl A is extremally disconnected, and is C*-embedded in pX -cl A 
by Theorem 2.1, hence PX -cl A is extremally disconnected since a space is 
extremally disconnected if it has a C*-embedded extremally disconnected subspace. 
As extremal disconnectedness is inherited by dense subspaces it follows that X” is 
extremally disconnected. 
(b) =3 (c) 3 (d) and (e) 3 (f). These are obvious. 
(b) =3(e). This is known: recall that a space is extremally disconnected (if and) 
only if each open subspace is C*-embedded. 
We now come to the more interesting part of the proof. 
Assume (a) is false, that is, assume cl A is not compact. Since X is realcompact 
there is a continuous function f: X+ R such that f [A] is unbounded. We may 
assume that N c f [A]. Now choose for every n E N a point x, in A such that f (x,) = n, 
in addition choose an open neighborhood U, of x, such that f [ U,,]G 
(n -l/4, n + l/4). 
Observe that {U,}, is a discrete collection of open sets in X, moreover it has the 
following important property: if we choose y, E CJ, for every n, then the set E = {y,}, 
has the property that Cl E n Cl G = 0 whenever G is a closed subset of X disjoint 
from E (since {U,,}, is discrete we can find a continuous function on X that separates 
E and G). 
This gives us an infinite subset D of A, and a discrete family {U,: x E D} of open 
sets, with x E U, for every x. 
Choose for every x E D disjoint open subsets V,,, and Vx,, of U, such that 
x E cl V,,” i-l cl v,,, . 
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To prove that (d) is false, we let for x E D, F, = cl Vx,o. Then F, is a regularly 
closed subset of X with x E bd F,. The collection {F,: x E D} is discrete, hence 
F=UxtD F, is regularly closed as well, and D & bd F. 
The set X*nCl F is regularly closed in X*, and we shall show that it is not a 
G,-subset of X*. 
To this end let G be a G,-subset of PX such that X* n Cl FE G. We show that 
(X*nG)-Cl FZ0. 
The set X” n Cl D is closed in /3X (since D is closed and discrete in X), and a 
subset of G. Hence we can find a sequence (G,,: n E w) of open subsets of /IX such 
that Cl G,,, G G,, for every n and 
X*nClDg/-)G,,cG. 
n 
Now G, n D is cofinite in D for every n, and D L bd F, so we can find a sequence 
(x(n)), of distinct elements of D with x(n) E G,, and we may choose for every n 
a point Y,, E (G, n Uxc,,,) - F (for example Y,, E G, n Vxc,,,,,). Then Y = {v,,: n E w} is 
a closed and discrete subset of X such that Cl Y n Cl F = 0, and 
0fX”nCl Yc(-)G,cG. 
n 
Next we assume that X is in Oz and we show that (f) is false. For i = 0,l let 
V,= U int cl V,,i=int cl U Vi. 
X6D \-ED 
Then V, and V, are disjoint regularly open sets in X with D E cl V, n cl V, . Since 
X is in Oz we can find continuous functions f. and f, from X to R such that 
fT[(O,l]]=V. Putf=-f,+f,. Let W,=pf’[[-l,O)] and W,=/3f’[(O,l]].Then 
W, and W, are disjoint cozero-sets of PX such that Cl D E Cl W, n Cl W, . It follows 
that W,, n X* and W, n X* are disjoint cozero-sets of X* whose closures are not 
disjoint. Cl 
Construction of Example 1.3. By [7, 4.4 and 5.21 the set 
E = {x E PQ: /3Q is extremally disconnected at x} 
is dense in Q”. Using the fact that 
if S is dense in T, and x E S, then S is extremally disconnected at x 
iff T is (see [7, Lemma 6.2(c)]) 
repeatedly, we see that Q n E = 0, so if X = pQ - E, then /3X = pQ and X” = E, 
hence X is as required. 
Construction of Example 1.4. Let “2 denote the set of all functions K + 2 with the 
product topology. Then ^2 is in Oz since every product of separable metrizable 
spaces is in Oz (see [I, 5.61). Consider 
X = {x E “2: x(a) = 0 for all but countably many a}. 
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It is well known that if K > w, then PX = “2. To see that X* = “2 -X is not an 
F’space it suffices to observe that each point of X” is the limit of a nontrivial 
convergent sequence in X”. But X* is in Oz since X* is dense in “2 and every 
dense subspace of a space in Oz again is in Oz. 
4. Regularly closed G,-subsets of X* 
We now present a proof of Theorem 1.5 and give some applications. 
Proof of Theorem 1.5. Let G be a regular closed G,-subset of X”. There is a sequence 
(G,,), of open sets in PX such that 
G=X*nnG,, and G,zG,,, for new. (1) 
n 
Since both X and X* are dense in PX, and G is regularly closed in X* we have 
G=X*nCl(XnCl G). (2) 
Now assume that G is not open in X*, and pick x E G n Cl(X* - G). Since X is 
realcompact there is a sequence (U,,), of open subsets of PX such that 
x E n U,, _c X” and Cl U,,,, -c U, n G, for all n E w. (3) 
n 
For each n the set U,, is a neighborhood of x, hence 
U,,n(PX-Cl G)nX*(= U,,n(X*-G))#O, 
hence U,, n (/IX -Cl G) # 0 so that l-J,, n (X -Cl G) # 0 since X is dense in PX. It 
follows that we can choose a sequence (x,), of points of X such that 
x, E U, n (X -Cl G). 
From (3) we can conclude that on the one hand 
Cl{x,: nEm}nClG=B 
(this follows much as in the proof of Theorem l.l), yet on the other hand that each 
cluster point of (x,,), belongs to n,, U,, _c X*, and hence to G. This is absurd. I? 
In [4] FedorEuk constructed for each n 2 1 an example of a compact n-dimensional 
space K, which has no regularly closed G,-sets except 0 and K,. By using Theorem 
1.5 we are able to construct easy examples with the same properties. Fix n 3 1 and 
let X be the n-dimensional Nobeling space in IW”‘+‘. Then X is nowhere locally 
compact, and no compact subset of X separates X. This easily implies that X* is 
connected. It is known that dim PX = dim X = n (see [3, Theorem 7.1.171 and [2, 
Theorem 1.8.5]), and it is left as an exercise to the reader to prove that dim X* = n. 
Consequently, X* is an n-dimensional space with no regularly closed G,-subsets 
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except 0 and X*, by Theorem 1.5. Then K, = pX* is an n-dimensional continuum 
which also has the property that it has no regularly closed G,-subsets except P, and 
pX* because X* is dense in pX*. 
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